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EXPONENTIAL MIXING OF TORUS EXTENSIONS OVER 
EXPANDING MAPS 

JIANYU CHEN AND HUYI HU 


Abstract. We study the mixing property for the skew product F : T d x —> 
T d x given by F(x,y) = (Tx,y + r(x) (mod Z^)), where T : T d —> T d is a 
C 00 uniformly expanding endomorphism, and the fiber map r : T d —* is a 
C 00 map. We apply the semiclassical approach to get the dichotomy: either F 
mixes exponentially fast or r is an essential coboundary. In the former case, 
the Koopman operator F of F has spectral gap in some Hilbert space W s , 
s < 0, which contains all (—s)-H61der continuous functions on T rl x T 1 : and 
in the latter case, either F is not weak mixing, or it can be approximated by 
non-mixing skew products that are semiconjugate to circle rotations. 


Contents 


0. Introduction. 1 

1. Statement of results. 3 

2. Semiclassical Analysis: Preliminaries 6 

2.1. Function spaces 7 

2.2. Semiclassical analysis on the torus 8 

3. Spectral Gap and Coboundary: Proof of the Theorems 16 

3.1. Decomposition of Koopman operator 16 

3.2. Spectral gap 17 

3.3. Proof of Theorem 2 18 

3.4. Proof of Theorem 1 20 

3.5. Proof of Theorem 3 21 

4. Spectral Properties of F„-. Proof of Proposition 3.1 and 3.2 22 

4.1. The Sobolev spaces with non-standard inner products 22 

4.2. Proof of Proposition 3.1 23 

4.3. Proof of Proposition 3.2 25 

5. Estimates of Pn„ t n'- Proof of Lemma 5.1 28 

5.1. Lemma 5.1 and Its Proof 28 

5.2. Sublemmas and Proofs 30 

References 35 


0. Introduction. 

In this paper we study the mixing properties for torus extension of expanding 
maps. The systems F we consider are of the form of skew products with expanding 
T : T d —» T d on the base and torus rotations with rotation vectors t(x), x e T d , 
on the fibers T £ . (See (1.2) for the maps.) We obtain a dichotomy: either such a 
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system has exponential decay of correlations with respect to the smooth invariant 
measure, or the rotation function t(x) over T d is an essential coboundary over 
T. When the base map T is fixed, the former case is open and dense in the C° 
topology of the space of skew products. The latter implies that either the system 
is not weak mixing and is semiconjugate to an expanding endomorphism crossing 
a circle rotation, or it is unstably mixing and can be approximated by non-mixing 
skew products. 

The method we use to get exponential mixing is the semiclassical analysis ap¬ 
proach. Instead of the Ruelle-Perron-Frobenius transfer operators acting on some 
Holder function space, we study the dual operator, Koopman operator F, given 
by F<j) = <f> o F, acting on certain distribution space. By Fourier transform along 
T^, the fiber direction, the operator can be decomposed to a family of operators 
{F v } UE %e, where v is the frequency. Such operators can be regarded as Fourier 
integral operators. Using semiclassical analysis theory we show that if r is not an 
essential coboundary, then the spectral radius of F v is strictly less than 1 for all 
v 4 = 0 , while 1 is the only leading eigenvalue of Fo on the unit circle and it is simple. 
Further, we obtain uniform operator norm control on the iterates for all 

v of sufficiently large magnitude. We hence prove that the Koopman operator F 
has a spectral gap, and the system has exponential decay of correlations. 

By analyzing the associated RPF transfer operators, Dolgopyat established in [9] 
the exponential mixing property for compact Lie group extensions of expanding 
maps under a generic condition called infinitesimally completely non-integrability, 
which is equivalent to the non-coboundary condition of r( x) if the group is a torus. 
The crucial technique used there is now called Dolgopyat’s oscillatory cancellation 
argument, and it has been successfully developed to study the rate of mixing for 
various systems with neutral direction, see [8], [18], [3], [4], etc. Among all such 
results is [7], in which Butterley and Eslanri obtained a dichotomy similar to that 
in our main theorem (Theorem 1) for a piecewise C 2 circle extension of a circle 
expanding map. We remark that their analysis did not provide finer structures of 
the dynamics, such as the spectral properties of the transfer operators, at least not 
in an explicit form. 

In a somewhat different direction, the semiclassical analysis approach is used to 
study Ruelle-Pollicott resonances for some hyperbolic systems, see [11], [13], [14], 
etc. Applying this approach in the context of partially hyperbolic systems, Faure 
showed in [12] that a simple but intuitive model - a circle extension of a circle 
expanding map has exponential decay of correlations under a so-called partially 
captive condition. It was recently pointed out in [20] that the partially captive 
condition is generic and equivalent to the non-coboundary condition of t(x) for 
this two-dimensional model. Using similar techniques, Arnoldi established in [1] 
the asymptotic spectral gap and the fractal Weyl law for SU(2) extensions of circle 
expanding maps under the partially captive condition, and later Arnordi, Faure and 
Weich obtained a similar result in [2] for circle extensions of certain one-dinrensional 
open expanding maps under a stronger condition called minimal captivity. 

Let us mention some similar results in the context of suspension semi-flows over 
expanding maps. Pollicott [23] showed that a generic suspension semi-flow over an 
expanding Markov interval map is exponentially mixing. In the case when the base 
is a linear expanding map, Tsujii [28] constructed an anisotropic Sobolev space on 
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which the transfer operator has spectral gap. Also, Baladi and Vallee [5] proved 
exponential mixing property for surface semi-flows without finite Markov partitions. 

The main technique we use in this paper is the senriclassical analysis method, 
inspired by Faure [12] and other related works. A key ingredient in our analy¬ 
sis is that we introduce non-standard Sobolev spaces associated with dynamical 
weights. Although equivalent to the standard ones, these spaces are much more 
effective in extracting the spectral properties of the Koopman operator F and its 
decompositions {F u }„ eZ e. In fact, we convert each F™ by unitary conjugation into 
a pseudo-differential operator, whose symbol provides an upper bound for the op¬ 
erator norm of F™. Moreover, we prove directly that the rotation vector t(x) is 
not an essential coboundary if and only if those upper bounds vanish uniformly ex¬ 
ponentially fast as n —» oo for all high frequencies u, from which we conclude that 
F has spectral gap. We remark that our approach bypasses the captive conditions, 
and has no dimension restrictions on either the base or the fiber. 

This paper is organized as the following. The setting and statements of results 
are given in Section 1. In Section 2 we introduce some notions and results from 
classical and senriclassical analysis, including Fourier transform, Sobolev spaces, 
Pseudo-differential operators, Fourier Integral Operators, Egorov’s Theorem, and 
L 2 -continuity theorems. This section is not necessary for the reader who is fanrilar 
with the theory. We prove the theorems of the paper in Section 3 based on Propo¬ 
sition 3.1 and 3.2, which give the spectral radius of the Koopman operator, the 
dual operator of the transfer operator. The propositions are proved in Section 4, 
using classical and semiclassical analysis. A key estimates in the proof, stated in 
Lennna 5.1, is postponed in Section 5. 

Acknowledgement: We would like to thank the referees for numerous suggestions 
and comments on an earlier version of this paper. We would also like to thank 
Sheldon Newhouse, Zhenqi (Jenny) Wang and Zhengfang Zhou for their useful 
suggestions. 


1. Statement of results. 

Let T = K/Z, and let T : T d —> T d be a C 00 uniformly expanding map such that 

(1.1) 7:= inf \D x T{v)\ > 1, 

(x,v)eST d 

where ST' 2 is the unit tangent bundle over T d . It is well known that T has a unique 
smooth invariant probability measure dp(x) = h(x)dx, where the density function 
h e C' G0 (T d ,R + ). Further, T is mixing with respect to p. Here and throughout this 
paper, we fix the expanding map T. 

Given a function r e C co ^T d , R f ), we define the skew product F = F T iT^xT^ 
T d x T l by 

Tx 

y + t(x) (mod Z e ) 

which preserves the product measure dA = dp{x)dy. 

The mixing property of the system (T d+e ,F,dA) is quantified by the rates of 
decay of correlations. We say that the skew product F is exponentially mixing with 
respect to the smooth measure dA if there exists p e [0,1) such that for any pair 
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of Holder observables <p,ip e C a (T d+e ), a > 0, the correlation function 


Cn{(t>, ip', F, dA) = 


I 


(j) o F n ■ ipdA 



ipdA 


satisfies C n (<p,ip;F,dA) ^ C^p n for all n ^ 1, where > 0 is a constant 
depending on <j> and ip. 

Certain cohomological conditions might give obstructions to the exponential mix¬ 
ing property. 


Definition 1.1. A real-valued function <p e is called an essential cobound¬ 

ary over T if there exist cel and a measurable function u : T d —> R such that 


<p(x) = c + u(x) — u(Tx), p — a.e. x. 


Let 23 be the space of real-valued essential coboundries over T. 

A vector-valued function r = (n,72,..., rf) e C l0O (T d ,R £ ) is called an essential 
coboundary over T if Ti,T 2 , ...., Tg are linearly dependent mod 23, that is, there 
exist v E R^\{0}, c e R and a measurable function u : T d — * R such that 

(1.3) v ■ t(x) = c + u(x) — u(Tx), p — a.e. x. 1 


Remark 1.2. 

(i) By Livsic theory (see e.g. [17]), the measurable function u : T d —* R in (1.3) 
is in fact of class C 00 . 

(ii) The functions ti,T2, ... ,Tg are called integrally dependent mod 23 if (1.3) 
holds for some v e Z e \{0}. There are functions t\,T2, ■ ■ ■ ,ti that are linearly de¬ 
pendent but not integrally dependent mod 23, unless £ = 1. 


Our main result is the following. 

Theorem 1. Let (T d+( ,F,dA) be the skew product as described above. We have 
the following dichotomy: 

(1) Either F is exponentially mixing (with respect to dA); 

(2) Or t(x) is an essential coboundary overT. 

If d = £ = 1, the above dichotomy is proved by Butterley and Eslami [7], in 
which the circle expansion T and the rotation r are allowed to have a finite number 
of discontinuities. 


Remark 1.3. The second case in Theorem 1 is very rare in the sense that the 
closed subspace that consists of all essential coboundaries has infinite codimension 
in C°°(T d ,R £ ). It means that the first case is generic in the space of skew products, 
that is, there is an open and dense subset U in C°°(T d ,R^) under the C° topology 
such that for all r e U, the corresponding skew product F T is exponentially mixing. 

The infinite codimension of essential coboundaries is a crucial property in show¬ 
ing the stable ergodicity of skew products over general hyperbolic systems. Among 
tremendous results on this topic, we refer the reader to [21], [16], [6], [15], etc. 


1 Here denotes the standard inner product of two vectors in Mb In the rest of the paper, we 
shall abuse the notation v-w when one of v and w belongs to 7/. or 1 - the unit sphere in Mb 
that is, v-w represents the inner product of v and w as vectors in Mb The vector representation of 
t) E Z ( or 7:7 ~ 1 is obvious; for v Elf we naturally choose the representative vector in [0, 1 )' <z Mb 
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In our context, we say that F = F T is stably ergodic if F t i is ergodic for any t' 
that is C-close to r. The stable mixing property and stable exponential mixing 
property are defined in a similar fashion. 

It was shown by Parry and Pollicott [21], and also by Field and Parry [16], 
that (T d+ ^, F, dA) is weak mixing and stably mixing if and only if the functions 
ti, 72 ,..., re are integrally independent and linearly independent mod 55, respec¬ 
tively. 2 In other words, Theorem 1 asserts that if F is stably mixing, then it is 
exponentially mixing, and furthermore, it is stably exponentially mixing by Re¬ 
mark 1.3. We can say more about the ergodic properties of the skew product over 
an expanding map: Dolgopyat [9] proved that F is stably ergodic if and only if 
it is exponentially mixing; Field and Parry [16] showed that stable ergodicity im¬ 
plies stable mixing property for skew products. Combining all these results and 
Theorem 1, we immediately obtain the following corollary. 

Corollary 1.4. Let F be the skew product given by (1.2). The following statements 
are equivalent: 

(1) F is stably ergodic; 

(2) F is stably mixing; 

(3) F is exponentially mixing; 

(4) F is stably exponentially mixing. 

Remark 1.5. 

(i) In the case when t = 1, if F is mixing, then F is stably mixing and thus 
(stably) exponentially mixing. This is simply because that integral independence 
and linear independence mod 55 are the same for t e C G0 (T d ,R). 

(ii) We thank one of the referees for providing us the following unstably mixing 
example. Let Fq : T 3 —* T 3 be given by 

Fo(x,y\,y 2 ) = (2x,yi + T 0 (x),y 2 + V3t 0 (x)) (mod Z 3 ), 

where To(x) is not a real-valued essential coboundary over the linear expanding map 
x >—> 2x (mod Z) of the circle. It is clear that tq(x) and y/3To(x) are integrally 
independent but not linearly independent mod 55, and hence Fq is unstably mixing 
and thus unstably ergodic by [21], [16]. 

We shall follow the semiclassical analysis approach in [12] to prove Theorem 1. 
Instead of the Ruelle-Perron-Frobenius transfer operators acting on some Holder 
function space, we study the dual operator, Koopman operator, acting on certain 
distribution space. 

More precisely, recall that the Koopman operator F : L 2 (T d+e , dA) —» L 2 (T d+e , dA) 
defined by F4> = 4> o F is an isometry. Note that dA is equivalent to the Lebesgue 
measure dxdy, we instead study the action of F on L 2 (T d+e ) := L 2 (T d+e , dxdy) as 
well as V(T d+e ), the space of distributions on T d+e . 

We say that the operator F from a Banach space to itself has spectral gap if its 
spectrum 

(1.4) Spec(F) = {l}u/C, 


2 Originally in [16], the independence is modulo V I for some finite-dimensional subspace 
V of C' Jj (T , IR:). In our setting, V = {0} because the rotation function r is null-homotopic in 
C°0(T d ,T^) if regarded as a TP-valued function. 
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where 1 is a simple eigenvalue and /C is a compact subset of the unit open disk 
D = {z e C : \z\ < 1}. 

Theorem 2. If t(x) is not an essential coboundary over T, then there is an F- 
invariant Hilbert subspace W s c: V(Y d+e -) such that F |W S has spectral gap. 

Here s < 0 is a negative order, and we shall see that both W s and its dual space 
(W 8 )' contain the Holder function space G _s (T d+ ^). We will specify the construc¬ 
tion of the Hilbert space W s in Subsection 2.1.3 (see (2.6)), prove the theorem in 
Section 3.3, and then show how Theorem 2 implies Theorem 1 in Section 3.4. 

Remark 1.6. It is well known that F\L 2 (T d+e ) does not have spectral gap. We 
get the result of Theorem 2 since the norm ofW s is weaker along T d -direction and 
stronger along T e -direction than that of L 2 (T d+e -). 

Next we characterize the dynamical properties of F = F T when the rotation vec¬ 
tor t = (ti, 72 ,..., Te) is an essential coboundary, that is, the functions ti, 72 ,..., re 
are linearly dependent mod * 8 . There are two cases: 

(1) If ti,t 2 , ... ,Tf are integrally dependent mod 55, then the behaviors of F T 
in the direction become very simple, as we see in Part (iii) of the next 
theorem. In particular, F r is not weak mixing. 

(2) If ti,T 2 , ... ,iy are linearly dependent but integrally independent mod 55, 
then F t is unstably mixing. We can approximate F T by a sequence of non¬ 
mixing skew products F r / n \ as follows. Pick real-valued sequences {c n> i} ne N, 
i = 1, 2 ,..., £, such that lim^oo c nti = 1 and c^m, c n>2 r 2 , ..., CnjTt are 
integrally dependent mod 55. Then set r(n) = (c^iti, c„, 2 r 2 ,..., c n ^Te). 

A foliation £ of a smooth manifold M is of dimensional m if the leaves of £ are 
m dimensional submanifolds. For a smooth dynamical system ( F,M ), a foliation 
£ of M is F invariant if F preserves the leaves, that is, F(£(z)) = £(F(z)) for any 
z e M, where £(z) is the leaf of £ containing z. 

A smooth dynamical system ( F , M ) is semiconjugate to a smooth system (G, N ) 
if there is a smooth map n : M —» N such that n o F = G on. 

Theorem 3. Let F = F T : T d x —* T d x T e be defined as in (1.2). The following 
conditions are equivalent. 

(i) Ti, t 2 , ..., Te are integrally dependent mod 55; 

(ii) There is an F invariant d + I — 1 dimensional foliation £ of T d x and 
a vector v e Z e \{0} such that restricted to each fiber {x} x T e , the leaves of 
£|{ x }xt* are of £ — 1 dimensional and normal to v. 

(iii) F is semiconjugate to the map G = T x R c : T d xT—>T d xT through a 
continuous map n : T d x —> T d x T, where R c : T —> T is a circle rotation 
with rotation number cel. Further, F is semiconjugate to R c . 

(iv) F is not weak mixing. 

2. Semiclassical Analysis: Preliminaries 

In this section we introduce some notions and basic properties in semiclassical 
analysis which we are going to use. The distribution spaces and Sobolev spaces 
will be used in construction of the Hilbert space W s in Theorem 2. The pseudo¬ 
differential operators (PDO) and Fourier integral operators (FIO) will be used to 
prove Proposition 3.1 and 3.2, where the Egorov’s theorems and the Ir-continuity 
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theorems are also used. For more information and details on the general theory 
of PDOs and FIOs, one can see in standard references (e.g. [10,19,26,29]). The 
underlying manifold that we analyze is the torus, on which the PDO and FIO can 
be globally defined and treated. We shall be more specific on this subject in Section 
2.2.2. For the reader who is not familiar with it, we recommend Chapter 4 in [25]. 


2.1. Function spaces. 


2.1.1. Distribution spaces. Let V(T d+i ) = C 00 (T d+ ^). Its dual space V'(T d+e ) is 
the space of distributions on T d+t . We denote by 4>(ip) the action of a distribution 
<p e V\T d+t ) on a function ip e V{T d+i ). The inclusion V(T d+t ) <= V'(T d+e ) is 
interpreted by 

( 2 . 1 ) cp{ip) := <p(x,y)ip(x,y) dxdy, 

Jj'd + l 

for any </>, ip e V(T d+f ). Since FV(T d+e ) a V(fl d+t -) 1 we define the dual operator 
F’ : V(J d+i ) -> V{T d+l ) by the duality 

(F»(</>) = ip{F(p) for any </> e V(T d+e ), ip e V{T d+t ). 

It is easy to check that F' maps V(T d+i ) to itself, and F' : V(T d+e ) —> V(T d+e ) 
is exactly the RPF (Ruclle-Perron-Frobenius) transfer operator over F : T d+l —> 
T d+e : that is, 


F'ip(x, y) 


s 

F(z,w) = (x,y) 


^{z,u Q 
|Jac(F)( 2 :, w)\ 


for any ip e T > (T d+ ^). 


Then we extend F on V'(Y d+l ) via the duality again by 

(F<p)(ip) = <p(F'ip) for any ip e V(T d+e ), </> e V'(T d+i ). 


2.1.2. Sobolev spaces. The Fourier transform of ip e D(T d ) is defined by 

(2.2) 0(£) = f ip{x)e~ i2 ^dx, f, e Z d . 

JT d 

The inverse transform is given by 

(2.3) <p{x) = 2 me i2nix , xeT d . 


Denote <£) = y/l + |£| 2 , and introduce the standard s-inner product 
(2.4) (ip, ip). = £ <0 2s mWl <P, * £ V(T d ), 

£eZ d 

for any sel. The Sobolev space H s ( T d ) is the completion of V(T d ) under (■, ■) s . 

Proposition 2.1. Sobolev spaces have the following properties: 

(i) V{T d ) c H s (T d ) c= V'(T d ) for any s e R; 

(ii) H°(T d ) = L 2 {T d ), and H s (T d ) = {ip : D?ip e L 2 {T d ) for any |/3| s} if 
s e N, where D^ip are weak derivatives of ip; 

(iii) H s (7 d ) <= H s '{ T d ) if s > s'; 

(iv) C s (T d ) <= lL s (T d ) for all s ^ 0, and if s > f, then H s (T d ) <= C s ~i~ e (T d ) 
for any small e > 0; 
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(v) the dual space of H s (T d ), s > 0, is H s (T d ), and the dual action of <j> e 
L 2 (T d ) <z H~ s (T d ) on the function if e H s (T d ) is given by (2.1). 

For technical treatments, besides the standard s-inner product given in (2.4), we 
will also use f-scaled s-inner product on H s (T d ) for t > 0, that is, 

( 2 . 5 ) = t 2 \p, ^ 2 t 2 \o 2s mW)- 

When equipped with the space is denoted by Hf(T d ). See Section 2.2.7 

and 3.1 for our particular choices of the scaling factor t. We shall also introduce 
another different but equivalent inner product on H s (T d ) in Section 4.1. 

2.1.3. The Hilbert space W s . The Hilbert space W s that we will use in Theorem 2 
is of the form 

(2.6) W s = H s (T d ) ® H~ s (T e ) 

for some s < 0, equipped with the inner product given by 

(<Pl ®lfl,<P2® V’2)w s = (Pl,P2) H*(J d ) (V’l) V’2)i?-»(T<) 

and extended by linearity. 3 We shall give a more explicit formula of <(-,')w s hr 
Section 3.1. 

Remark 2.2. By Proposition 2.1(H) and (Hi), we have L 2 (T d ) cz H s (T d ) and 
C- s (T0 <= H~ s (T e ) when s < 0, thus 

W s 3 L 2 (T d ) ® C _S (T^) 3 C~ s {T d+e ). 

Similarly, the dual space of (W s )' = H~ s (T d ) ® H s (T e ) contains C~ s (T d+e ) as 
well. By Proposition 2.1(i), it is obvious that W s can be regarded as a subspace of 
V'(T d+t ). 

2.2. Semiclassical analysis on the torus. Due to the group structure of T d and 
its dual group Z d , a pseudo-differential operator (PDO) on T d might be associated 
with a so-called toroidal symbol defined on T d x Z d . With differential in the coor¬ 
dinate variable x e T d and difference in the momentum variable £ e h d , the rules of 
toroidal symbol calculus is parallel to those of the canonical symbol calculus on the 
Euclidean space R 2d . It turns out that the toroidal quantization is equivalent to 
the standard quantization by using Euclidean local charts of the torus. Similarly, 
a Fourier integral operator (FIO) on T d can be dealt by its series representation, 
which is called the toroidal Fourier series operator (FSO). We refer the reader to 
Chapter 4 in [25] for details on this subject. 

By smooth interpolation in f, we can extend a toroidal symbol to an equivalent 
periodic Euclidean symbol defined on T d x S. d ^ T* T d , whose periodization fits 
in Hormander’s definition of classical (l,0)-type symbols on R 2d . (See Section 4.5, 
4.6 in [25].) In this way, a toroidal PDO or FSO can be rewritten into a periodic 
Euclidean PDO or FIO, which is of a globally defined integral form on T*T d . In 
this section, we first introduce the notions of periodic Euclidean PDOs and FIOs, 
together with the rules of symbol calculus, the Egorov’s theorems and the L 2 - 
continuity theorems. In Section 2.2.7, we explain how to identify toroidal PDOs or 
FSOs with periodic Euclidean PDOs or FIOs respectively. 

^ In this paper, the tensor product of two Banach or Hilbert spaces always refers to the metric 
space completion of their algebraic tensor product. 
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2.2.1. Periodic Euclidean symbols. Functions on the torus T d or on its cotangent 
bundle T* T d can be considered in the following two different ways. 

On one hand, we identify T d with the hypercube [0,1 ) d <z R d . A function 
p e C(T d ) may thus be thought as a continuous function on [0, l) d such that 


lim 

■, —»l ■ 


,..., Xj— r, Xj , Xj+ 1,..., Xu ) f{%\ 5 • * • 5 x j —l ? 0, Xju- 1, • • •, xf) 


for all * 1 ,..., Xj-i,Xj+i ,.., j Xu e [0,1) and j = 1, 2,..., d. We extend e C(T d ) 
as an L 2 -function on R d by setting </ ? |T d \[o,i) ,i = 0, and still denote it by ip. Similarly, 
a function p e C(T*T d ) can be regarded as a continuous function on [0, l) d x R d 


with the boundary limit condition, and trivially extended to a function on 

On the other hand, note that T d = R d /Z d . To lift a function on T d to a periodic 
function on R d , we introduce the periodization operator P given by 


(2.7) 


(Pp)(x) := Yi P( x + k ). 
keZ d 


X G . 


where p is a function on R d such that the above sum converges absolutely. It is clear 
that P p is a 1-periodic function on R d . In particular, Pp e C^R^) is well-defined 
for any p e C(T d ). Similarly, we can define periodization operator P for suitable 
functions on R 2d , i.e., 

(2.8) (P V )(i,{):=^(i + k,{), (x,()eR'xR d , 

keZ d 

as long as the above sum converges absolutely. 

Denote Nq =Nu {0}. 

Definition 2.3. A complex-valued function a e C ,00 (T*T“) is called a (periodic 
Euclidean) symbol of order m e R on T*T d if 


(2.9) 


^a/3,m(a) 


sup 

(:c,£)eT*T< 1 


\d%d%a(x,£)\ 
^)m—1/3| 


< 00 


for any a,(3 e Ng, where (£) = yA + |£| 2 . We denote the space of (periodic Eu¬ 
clidean) symbols of order m by S m , which is short for S m (T*T d ). 


The topology on the space S m is generated by the seminorms {N a p ,m(’)}a,/ 3 eN d ■ 
For any k e No, we denote A4,m(a) = sup| 0 ,i + | / gi^ fc Af a p, m {a)- We often write A4(o) 
for short if the order of a is clear. 

Note that if a e S m and b e S m ', then a + be s ma ^ m ’ m '\ and ab e S m+m '. Also, 
for any a e S m and a e Nq, d“a 6 S m and d^a e S m ~ l“l. For these operations, we 
have corresponding senrinorm relations, for instance, A4 (d%a) y A4 + | Q |(a). 

Remark 2.4. A function a e C°°(R 2d ) is a Euclidean symbol of order m if (2.9) 
holds with the supremum taken over R 2d . It is easy to see that the periodization Pa 
for a periodic Euclidean symbol a e S m is a Euclidean symbol on R 2d . 


2.2.2. Pseudo-differential operators. In this subsection and the next one, we intro¬ 
duce the periodic Euclidean PDOs and FIOs on the torus. Since they are what we 
mostly use in this paper, we shall omit “periodic Euclidean” and simply call them 
PDOs or FIOs. 

Let h e (0,1]. In the general theory of semiclassical analysis, h « 1 is the 
Planck’s constant parametrizing the whole family of symbol functions and thus 
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the symbol calculus for corresponding semiclassical pseudo-differential operators. 
We emphasize that the operators we study are quite particular: when regarded 
as classical PDOs or FIOs, the fi-scaled PDOs (or FIOs) all have symbols (or 
amplitudes) of the form a(x, hf) for some a e S m , and the fi-scaled FIOs all have 
phase functions of the form iS(x, hi;) for some S e S 1 . Consequently, the parameter 
h merely serves as a scaling factor in the ^-direction and would not affect the pseudo¬ 
differential calculus in a uniform scheme. In what follows, we will only introduce 
such restrictive semiclassical analysis. 

Definition 2.5. Given a symbol a e S m , the linear operator Op h (a) : V(Y d ) —> 
V(T d ) defined by 

Opa(aMx) = f a(x,ty 2n *' {x ~ v) <p(y)dyd 

(2 10) JT*T d \ n / 

= f a{x,hfi)e i2 ^ {x -v ) ^{y)dyd^ 

JT*T d 

is called a (periodic Euclidean) h-scaled pseudo-differential operator (PDO) of order 
m corresponding to the symbol a e S m . We denote the space of h-scaled PDOs of 
order m by OPnS m . 

Remark 2.6. The integral in (2.10) is understood as over T* T d = [0, l) d x R d . 
Since a(x,f) is only supported on [0, l) d x R , we can rewrite the integral as over 
R 2d . In other words, the periodic Euclidean PDO Op h (a) on T d can be considered 
as a Euclidean PDO Op fi u (a) defined on while the symbol a is smooth except 
at the boundary of [0,1) , which is a set of Lebesgue measure zero. 

The formula with h = 1 in (2.10) gives the definition of classical pseudo-differential 
operator Op(a) = Op 1 (a). We denote OPS’ 1 " = OPi5 m . In this way, the h-scaled 
PDO with symbol a e S m can be regarded as the classical PDO with symbol 
an e S m , that is, Op ft (a) = Op(an), where an{x,f) = a(x,hfi). 

By standard duality argument, we extend Op R (a) : V(Y d ) —> V(T d ). Moreover, 
Op fi (a) : H s (T d ) —» H s ~ m (T d ) is a bounded operator if a e S m . Some properties 
about symbols and PDOs are stated in Section 2.2.4-2.2.6. 
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Note that the classical Fourier integral operator $ = <t>i is the one with h = 1. 
Then the 7i-scaled FIO with amplitude a and phase S can then be regarded as a 
classical FIO with amplitude an and phase Sn(x,£) = jrS(x,hfi). 


Remark 2.8. 

(i) Hormander’s definition of phase functions usually assumes the homogeneity 
of degree one in £. Following Egorov [10], we replace the homogeneity by that S e S 1 
and Condition (1). 

(ii) If we take S(x, £) = xfi, then $fi(a, S) becomes an h-scaled pseudo-differential 
operator with the symbol a. 


By standard duality argument, we can extend : V'(T d ) —* V(T d ). Further, 
: H s (T d ) —> H s ~ m (T d ) is a bounded operator if its amplitude a e S m . 

Definition 2.9. The canonical transformation associated to an h-scaled FIO with 
phase S is the transformation Tn : (x, hf) >—> (y, hi]) given by 


dS(x,rf) 8S(x , 

dp ’ dx 

In other words, the phase function S serves as the generating function of the canon¬ 
ical transformation. 


In the classical case when h = 1, we write T = T\. 


2.2.4. The symbol calculus. If m < to', then S m a S m and OP^S™ c: OP n,S m ■ 
Set S' -00 = flmeR S m . If a e S~ co , then Op fi (a) is a smoothing (and hence compact) 
operator. 

Given two symbols a,b e S m , if the difference a — b e S m for some —oo < 
to' < to, we write a = b (mod S m ). When h is chosen, we shall denote a = b 
(mod h m - m 'S m ') if a - b = h m - m 'r for some r e S m '. 

Theorem 2.10. For classical PDOs, we have the following. 

(1) Adjoint: If A e OPS'" 1 has a symbol a, then the adjoint operator A* e 
OPS m has a symbol a* = a (mod S m_1 ). 

(2) Composition: If A e OPS m has a symbol a and B e OPS’" has a sym¬ 
bol b, then the compositions A o B e OPS m+m has a symbol affb = ab 
(mod S m+m '- 1 ). 

(3) Inverse: If A e OPS’" has a symbol a > 0 and is invertible, then A~ x e 
OP S~ m has a symbol a” 1 (mod S - " 1 ” 1 ). 

Moreover, the Mk-seminorm of all the remainders in the above modulo class only 
depends on the Nk+i-seminorm of the original symbols. 


Remark 2.11. The seminorm estimates of remainders can be easily seen from the 
proof of the symbol calculus. For instance, the symbol of the adjoint is given by 

a*(x,£) = := Je-^-^-^^^Jdydr/ 

= E ~ dfggctfoO + r? 

\ot\<j 

where rj is an integral involving with only d^d^a for |a| + |/3| = 2j. In particular, 
for j = 1, a* = a + r± and the seminorm Afkfr i) only depends on A4+2 («)• 
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Recall that OP/,(a) can be regarded as OP(afi), where a? i(x,£) = a(x,Hf). As a 
direct consequence of Theorem 2.10 and Remark 2.11, we have the following rules 
of the symbol calculus for the /i-scaled PDOs. 

Theorem 2.12. 

(1) Adjoint: If A e OP nS m has a symbol a, then the adjoint operator A* e 
OP nS m has a symbol a* = a (mod AS™ -1 ). 

(2) Composition: If A e OP^/S'" 1 has a symbol a and B e OP f i S m has a 
symbol b, then the compositions AoB e OP f l S m+rn has a symbol affb = ab 
(mod hS m+m '- 1 ). 

(3) Inverse: If A e OP nS m has a symbol a > 0 and is invertible, then A -1 e 
OP?jS' _m has a symbol a -1 (mod HS~ m ~ 1 ). 

Moreover, if hr is one of the remainders in the above modulo class, then the semi¬ 
norm J\fk{r) only depends on A4+2(a). 

2.2.5. Egorov’s Theorem. Let f1 be an open domain in T d . We say that a symbol 
a e S m is supported in 12 x if a(x,f) = 0 for any (x,£) e (T d \fl) x R d . The class 
of such symbols is denoted by S m ( 12 x R d ). 

We first state the original version of classical Egorov’s theorem in [10] for the 
invertible case. 


Theorem 2.13. Let A e OPS’ 1 ™ with symbol a e S' m (12 x R d ), and 4> be a classical 
FIO with amplitude b e S° and phase S. Let T(x,^) = (y,rf) be the canonical 
transformation associated to <J> (as defined in (2.12) with h = 1), and O' be the 
image of O x under the first d components of T. We assume that T : fl x 
—* IY x is a bijective map. Then the operator e OPS'™ has a symbol 

a e x R d ) such that 


a(y,V ) = a(F(x,Q) 


a(x,0\Hx,0\ 2 


det 



-l 


(mod S™- 1 ). 


Remark 2.14. From the proof in [10], it is easy to see that the J\fk~seminorm of 
the remainder in the above modulo class only relies on the A 4 + 2 -seminorms of a, b 
and the Mk+i-seminorm of S. 


For our purpose, we need the following version of Egorov’s theorem. 


Theorem 2.15. Let A e OPS 1 " 1 with symbol a e S m , and $ be a classical FIO with 
amplitude b e S° and phase S. Let T(x,() = (y,rj) be the canonical transformation 
associated to $. We assume that T is a surjective local diffeomorphism of T*T d 
with finite inverse branches. Moreover, for each x e T rf , the map £ >—> F(x,£,) is 
bijective. Then the operator $*A<f> e OPS"™ has a symbol a such that 


(2.13) a(y,rj) = ^ a ( x ,0\Hx,f)\ 2 

F(x,£)=(y,’n) 


, ( d 2 S\ 

de * (si) 


-l 


(mod S™- 1 ). 


Moreover, the Afk-seminorm of the remainder in the above modulo class only relies 
on the Afk+ 2 -seminorms of a,b and the Alk+ 4 ~ seminorm of S. 


Proof. By the properties of the canonical map T, we can choose an finite open 
cover {Lli} of T d such that each 12,; x is strictly inside an inverse branch of T. 
By partition of unity, there are \i G Cg°(fh; [0,1]) such that 2, X* = 1- We define 
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symbols a* e S m (fh x R d ) by ai(x,£) = Xi{ x ) a ( x >0> and set A, = Op(ai). By 
Theorem 2.13, each $*Ai<i> e OPS' 1 ™ has a symbol Si such that 


ai{y,rj) = Xi( x )a{ x ,Q l&O^OI 5 


det 


(fA) 

\dxdt) 


(mod S 1 ™" 1 ) 


for any (y, 77 ) e R(fli x R d ) with the only pre-image (x, £) in I\ x K d ; and ai(y, rj) = 0 
if (y, rj) f F(Q.i x R d ). Therefore, 

$*A$ = $*(2 Ai)$ = e OPS 1 ™, 

i i 

and its symbol a(y, rj) is given by 


'Y i a i {y,ri) = X X Xi( x )a(x,f)\b(x,£)\' 

i T{x,£ > ) = {y,rf) i:xeQi 


det 


(mod S’™' 1 ) 


X a(x,£)\b(x,£)\' 

F(x,£) = (y,r 7) 


det 


(—) 

\dxd() 


X a(z,£)|&(a;,£)| 2 det 

J 7 (x,0=(y,v) 

The seminorm dependence of the remainder is straightforward by Remark 2.14. □ 


(—) 

\dxd() 


(£A\ 

\ dxdtj ) I 

( X Xi(*)] (mods 1 ™- 1 ) 

\i:xEO,i / 

1 

(mod S 1 ™" 1 ). 


Remark 2.16. ITe can easily adapt the proof of Theorem 2.13 and 2.15 in the h- 
scaled situation and show that if A e OP nS m has a symbol a and is the h-scaled 
FIO with amplitude b e S° and phase S, then the symbol of < f>)?A , J>/i e OPfiS m 
is still given by (2.13) but with F(x,£j) = (y,rj) replaced by Th{x,Hf) = ( y,hrj), 
and (mod S m ~ 1 ) replaced by (mod HS m_1 ). Moreover, if hr is the remainder in 
the modulo class, then Afk{r) only depends on the Mk+ 2 -seminorms of a,b and the 
Mk+A-seminorm of S. 

2.2.6. L 2 -Continuity. The following result is the classical Calderon-Vaillancourt 
theorem (see Theorem 2.8.1 in [19] for instance). 

Theorem 2.17. Let a(x,f) e S°, then Op(a) : L 2 (T d ) —> L 2 (Y d ) is a bounded 
operator such that 

l|Op(a)|| i 2_ >Z/ 2 Mijalck! M 1 J\f kl (a ), 

for some Mi > 0 and k\ e N that only depend on the dimension d. 

To get finer L 2 -norm estimates, we first state a version of L 2 -continuity for a 
classical PDO of order 0 established in [14]. 

Theorem 2.18. If a(x,f) e S°, then Op(a) : L 2 (T d ) —* L 2 (T d ) is a bounded 
operator. Moreover, for any e > 0, there is a decomposition 

Op(a) = K(e) + R(e) 

such that K(e) : L 2 (T d ) —* L 2 (T d ) is a compact operator and 

|| /2(e) ||^ suplimsup |a(:r, £)| + e = suplimsup |ao(a;, £)| + e, 

X |5|~>0O X |^|—>00 

where ag e S° is such that a = ag (mod S _1 ). 
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For an fi-scaled PDO of order 0, we need a version of Calderon-Vaillancourt 
theorem, which applies not only for h —* 0 but for arbitrary h e (0,1]. See sim¬ 
ilar statements in [29], Theorem 4.23 or Theorem 5.1 in the formulation of Weyl 
quantization. 

Theorem 2.19. If a(x,tf) e S°, then Op fi (a) : L 2 { T d ) —> L 2 (T d ) is a bounded 
operator. Moreover, if a = ao + hr for some ao G S' 0 and r e S -1 , then 


ltOPfi(«)IU 2 ^L 2 < sup \a 0 (x,£)\ +hC k2 (a 0 ,r), 

(i.QeT* T d 

where the constant C k2 (ao, r) only depends on the A4 2 -seminorms of a o and r, for 
some k 2 G N that only depends on the dimension d. 


Proof. Recall that Op^(a) = Op(as), where an.{x,f) = a(x,hf) e S°, by Theorem 
2.17, Op fi (a) is a bounded operator on L 2 (T d ). For the operator norm estimate, 
we mimic the proof in Section 7.5 of [27], which is originally due to Hormander 
“square root trick”. 

Pick any M > sup^^y*^ |ao(a:, £)l> an d set b = sjM 2 — |ao| 2 G S°. By 
Theorem 2.12, the operator Op R (a)*Op fi (a) G OP^S' 0 lias a symbol 


a*#a = aa (mod HS 2 ) = |ao| 2 + 2fi3J(aor) + fi 2 |?’| 2 (mod HS 1 ) 

= M 2 -b 2 (mod fiS" 1 ), 

that is, a*ffa = M 2 — b 2 + firq, for some rq e S' -1 . Therefore, for any ip e L 2 (T d ), 

|OPfi(a)^lll 2 = (Opn(a)*Op h (a)ip,ip) L 2 


= M2 Mh - l|OPfi( & )^|||2 + h(Op h {n)p, p) L 2 

< (M 2 + fi||Op R (ri)|| L 2^0IM& 

< (M + a. l|Qpfi(r 0 \ ) l L 2 ^ 2 ) 2 Mh- 


It remains to show that 


l|QPfi(?’i)IU^L2 

2 M 


2 M 


has an upper bound that is related to ao 


and r. Indeed, by Theorem 2.17, 


l|OPfi.(n)llL 2 ^L 2 = ||Op((ri) fi )|| £ 2_ >L 2 ^ Mi.A4 1 (rq(a;,fi£)) < MiM kl {ri). 


By the construction of ri, we have that A4 1 (r , i) depends only on the 7\4i- 1 - 2 - 
seminorms of a, ao,r, and thus only of ao,r, since A 4 i+ 2 (a) = A 4 i+ 2 (ao + fir) < 
A4 i+2(«o) + A4 i+2(r). In other words, let k 2 = &q + 2, then 


l|OPfi(r)IU 2 ^£ 2 < MiM kl (ri) 

2 M " 2sup (X;?) |a 0 (x,£)l 


< Cfc 2 (a 0 ,r), 


where C k2 (ao,r) is a constant that only depends on the A4 2 -seminorms of a 0 and 
r. This finishes the proof of the theorem. □ 


2.2.7. Equivalence between Toroidal quantization and periodic Euclidean quantiza¬ 
tion. In [25], a toroidal symbol on T d x Z d is defined in a similar way as that in 
Definition 2.3, while the differential d £ is replaced by the difference A^. Equiva¬ 
lently, a function ator G C co ( T d x Z d ) is a toroidal symbol of order m e M if there 
is a periodic Euclidean symbol a e S m such that a\jd xZ d = at or . We denote the 
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space of toroidal symbols of order m by 5 m (T d x Z d ). The corresponding /i-scaled 
toroidal PDO 0p^ or (a tO r) for a to r e S m (T d x Z d ) is defined by 

OpT(a tor Mx) := £ f a tol (x,0e i2 ^ {x - y) <p(y)dy, 

‘' T<i 

which is similar the the periodic Euclidean PDO given by Definition 2.5 but with a 
discrete measure over HZ d in the /(-direction. Similarly, a function S toI e (^(T* x 
Z d ) is a toroidal phase if there is a periodic Euclidean phase S such that S\ T d XIi d = 
Star- With toroidal amplitude a tor and phase S tor , we define the /i-scaled toroidal 
Fourier series operator (FSO) by 

=^° r (ator, SWMs) 

= 2 f a tor (x,Oe i2 ^ [StM) - y ^^y)dy, peV(T d ). 

&Kl d ^ T<1 

Let us recall the Euclidean PDOs and FIOs on R 2d as well. Given a Euclidean 
symbol a e < S' m (R 2d ), we define the /i-scaled Euclidean PDO Opf u (a) : <S(R d ) —> 
S(R d ) by the formula (2.10) but with integral over R 2d . Here S(R d ) denotes the 
class of Schwartz functions on R d , i.e., for any ip e S{ R d ), sup,j, eR d \x a d 13 ip(x)\ < oo 
for any Ng. Similarly, given amplitude a and phase S on R 2d , we can define 

the /i-scaled Euclidean FIOs similar to (2.11) but with integral over R 2d , denoted 
by $f u = $f u (a,S). 

To show that the toroidal quantization is indeed equivalent to the periodic Eu¬ 
clidean quantization that we have introduced in previous subsections, we need the 
periodization operator P given by (2.7) and (2.8). (See Section 4.5, 4.6 in [25] for 
more details.) Let ttq be the restriction of a function on R d onto [0, l) d . It turns 
out that Po = tto ° P ■ S(R d ) —> C°°([0, l) d ) = V(T d ) is surjective. Moreover, given 
a t or e S' m (T d x Z d ) extendable to a periodic Euclidean symbol a e S m = S m (T*T d ), 
we have that Pa e S' m (R 2d ), and 

(2.14) (V ft or (a to r )(</?) = Po o Opf u (Pa)(<^>) = Op R (a)(<p) + K n (a)(tp) 

for any <p e Cg°([0,l) d ) = qf(T d ) cz V(T d ), where K h (a) e Op R (S'-°°) only 
depends on a. Similarly, given toroidal amplitude at or = a\r d xz d extendable to a 
periodic Euclidean amplitude a e S m , and toroidal phase Stor = S\T d xi d extendable 
to a periodic Euclidean phase S, we have that Pa and PS are Euclidean amplitude 
and phase respectively, and 

(2.15) $ t R or (a tor ,Stor)(^) = P 0 °$f u (Pa,PS)(^) = $n(a, S)(<p) + K h (a, S)(<p) 

for any ip e Cg°([0, l) d ) = Cg°(T d ) <z V{Y d ), where Kn(a, S) is an /i-scaled smooth¬ 
ing operator which only depends on a and S. To sum up, an /i-scaled toroidal PDO 
or FSO can be identified with an /i-scaled periodic Euclidean PDO or FIO up to 
an /i-scaled smoothing operator . 4 

Let us make a comment on the operator norm estimates of the smoothing oper¬ 
ators in (2.14) and (2.15). The /i-scaled smoothing operator Kn(a) (or Kn(a,S)) 
is a bounded operator from H^(T d ) to itself for any s e R, where iL|(T d ) is the 
Sobolev space H s (T d ) but endowed with the /i-scaled inner product (•,•)«,ft (See 

4 This identification is first true for action on Cg°(T d ), by standard duality, it is also true for 
(CQ°(T d ))' T>'(T d ). By the density of Co°(T d ) in T>'(T d ), the identification is true for action on 

T>'( r f d ) and Sobolev spaces H s (T d ) of any order s. 
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the definition in (2.5)). By stationary phase approximation (see e.g. Section 3.4, 
3.5 in [29]), one has \\K h {a)\H s h (T d )\\ = 0(7f°) (or \\K h (a, S)\H s h (T d )\\ = 0(ft®)). 
In particular, there is fc 3 = k 3 (d,s ) e N such that || K h (a)\H^(T d )\\ < hCk 3 (a) (or 
\\Kn(a, S)\Hfl(T d )\\ ^ HCk 3 {a, S)), where CV- 3 (a) only depends on the seminorm 
A 4 3 (a), and Cfc 3 (a, S) only depends on the seminorms A4 3 (a) and Afk 3 + 2 {S). 


3. Spectral Gap and Coboundary: Proof of the Theorems 

3.1. Decomposition of Koopman operator. In this subsection we decompose 
the Koopman operator F : W s —> W s according to fiberwise Fourier expansion, 
where W s = H s {T d ) 0 H~ s (T e ) is given in (2.6). Recall that s < 0 is an arbitrary 
negative order. 

Given </> e W s , we write the Fourier series expansion along T^-direction as 

<K*,v) = E MxV 2 ™' v , 

where the Fourier coefficients are defined by 

M*)=\ <j>(x,y)e~ i2n '' v dye H s (T d ), ueZ e . 

J T e 

It is clear that the family of functions {e l27VV ' y } forms an orthogonal basis of 

H~ s ( T f ), and = (y')~ s . Therefore, the Hilbert inner product on 

W s is given by 

<^ 1 ,</) 2 >w*= E (yy 2a {4>i^ 2 u)H‘(j^ for any (j ) 1 , <j> 2 e W s . 

We thus consider the <(i/) _1 -scaled s-inner product -) s ,<i/)-i on H s (T d ), or {•,-) Sjl/ 
for short. That is, by (2.5), we have for ip, if} e H s (T d ), 

(3.i) ( p , ^> s ,„ = ( uy 2 s ( p , v>> s = J ] yy 2 s ( 0 2 s mm , 

£eZ d 

and we denote by iJ® (T d ) for the space of s-order Sobolev functions on T d endowed 
with the new inner product Note that i?®( T d ) = H s (T d ) as spaces of 

Sobolev functions, although they are equipped with different but equivalent inner 
products. In this way, we obtain an orthogonal decomposition 

W s = H s (T d )®H~ s (T e ) s 0 H s v { T d ), 

i/eZ* 

such that the inner product of two functions <jp{x,y) = 4 f [,(x)e z2 ' 7TU " v e W s , 

j = 1 , 2 , is given by 

< 0 1 ,^ 2 >W»= E<^>w- 

Also this decomposition is T-invariant, since for each Fourier mode i/eZ*, 


F{<t> v { X y 2 ™ v ) = [y(Tx) e i2 ^ rix) ] e i2nu - v 
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and it can be shown that (f> L ,(Tx)e l2nu " r ^ e H s (T d ) = Hf{ T d ). 5 Correspondingly, 
we decompose F = ©^ eZ ^ F u , where each F v = F\Hf,{ff d ) acts by 

(3.2) F„v(x) = v(Txy 2 ™'ipsH s v (J d ). 

Using the fact that if£(T d ) is the dual space of H~ s { T d ), we get the dual operator 

^ p i2Trv-T(y) 

(3.3) F^(x)=J] |ja c(r )( y) | ^)’ ^e^(T d ). 


In other words, Ff\F[ u s (T d ) is the RPF transfer operator over T : T d —* T d for 
the complex potential function — log |Jac(T)| + ■ r. In the case when u = 0, 

we have that F^h = h, that is, the density function h{x) of the smooth invariant 
measure /i w.r.t. dx is provided by the eigenvector corresponding to the leading 
simple eigenvalue 1 of Fq. See [24] for more details. 

We shall use the fact F^h = h in the following particular form: 


where 

(3.4) 


A(y) = 1 , for all xeT 1 , 

Ty=x 


A (y) 


1 h(y) 
|Jac(T)(y)| h(TyY 


Similarly, we have for all n e N, 


where 

(3.5) 


2 An(y) = 1, for all x e T d , 

T n y=x 


An(y) 


1 _ Kv) 

|Jac(T n )(j/)| h(T n y) 


3.2. Spectral gap. Recall that the notion of spectral gap is given right before 
Theorem 2 is stated (see (1.4)). 

According to the decomposition of F : W s —> W s , the spectral gap property 
follows from the following propositions. The proof of the propositions will be given 
in the next section, using the semiclassical analysis theory. 


Proposition 3.1. Let s < 0. There are C\ > 0 and p\ e (0,1) such that for any 
v e 1}, F v : Hf,(T d ) —> Hf,(T d ) can be written as 

F u l\ v ■ Rv, 

where K v is a compact operator and 

(3.6) \\KZ\Hl(T d )\\^C lP ?, neN. 


Proposition 3.2. Let s < 0 and assume that r is not an essential coboundary. 
There are C 2 > 0, P 2 e (0,1) and v\ > 0 such that for any v e if with \u\ ^ 

\\F'ff\K{T d )\\^C 2 p n 2 , neN. 


^ This fact is easy to show for sgNu {0}, and hence is also true when s is a negative integer 
by duality. For the general case, treat H s as the interpolation between i/L s J and H^- s J"*" 1 . See 
Section 4.2 in [26] for details. 
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Remark 3.3. 

(i) The quasi-compactness property is well known for Ruelle-Perron-Frobenius 
transfer operator on Holder function spaces over expanding maps. Proposition 3.1 
can be regarded as its dual version. The estimate in (3.6) shows that the essential 
spectral radius of F u is no more than p\. See (4-7) for the definition of pi, which 
depends on the Sobolev order s and the minimal expansion rate 7 given by (1.1); 

(ii) Proposition 3.2 shows that the operator F v is essentially a contraction when 
the Fourier mode u is very large, and the spectral radius of F u is no more than P 2 ■ 
See (4-15) for the definition of p 2 - 

3.3. Proof of Theorem 2. Recall that the space W s = H s (T d ) <S) H~ s (T e ) is 
defined in (2.6), where s < 0. 

Lemma 3.4. The spectral radius Sp(F„|f4*(T d )) < 1 for i/eZ*. 


Proof. The proof is similar as in [14], as we sketch here. 

Choose p 3 G (pi, 1), where p\ is given in Proposition 3.1. Then we can rewrite 

F v = K u + Ru = (K + K'l) +Ru = l<l + (Kl + Ru) = K + K 

such that the spectral radius of R' v is less than p 3 . This can be done by defining Kf 
and K'f to be the spectral projection of I\ u outside and inside the circle {z : \z\ = p 3 } 
respectively. Note that Kf has finite rank since Ku is compact. To prove that 
Sp(-F„|f4;)(T d )) ^ 1 for v G Z £ , it is sufficient to show that all eigenvalues of Kf 
are of modulus no more than 1 . 

The general Jordan decomposition of K( can be written 

k / di di~ 1 

Kl = Xj ( Ij v F ® Wi l + 2 v F ® w Fj+P 

i =1 V j-1 3 = 1 

where di is the dimension of the Jordan block associated with the eigenvalue Aj, 
with Vij G Hu(T d ) and Wij G H~ s { T“). We arrange eigenvalues such that |Ai| ^ 
IA 2 1 3 s • • • 3 s | Afc |. 

Now if |Ai| > 1, we can choose e V(Y d ) such that Vn(tp) / 0 and Wn(ip) / 0 
since V( T d ) is dense in both Hf(T d ) and H~ s (Y d ). On one hand, 


|(^> K v T)hz s ,H‘ 
On the other hand, 


f 

JT d 


ipFuipdx 


< 


J IV>IM 


o T n dx 


(3f,Fffip) H - 


HZ ,H* 




(MKl) n <p) H - 


HZ ,Hi 





The second term converges to 0 since ||(i?( / ) Il |iJ*(T d )|| = 0(p 3 ), while the first term 




k 

min(n,di —1) , >. 

di~r 

(V>, {Kl) n <p) H -. tH . 

= 

E 

s (;> 

E V iM) w Hj+r){<P) 



i =1 

r=0 V' 

1 = 1 


has a leading growth |A 1 |”|vii(^)||u>n((p)| —* 00 as n —» 00 , which is a contradiction. 
Therefore, all eigenvalues of Kl are of modulus no more than 1. □ 


Lemma 3.5. If r is not an essential coboundary over T, then the spectral radius 
Sp{Fu\Hl{T d )) < 1 for v G Z*\{0}. Moreover, 1 is the only eigenvalue of Fq on 
the unit circle, which is simple with eigenspace of constant functions. 
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Proof. Note that the essential spectral radius of (T d ) is no more than p\ 

by (3.6). For any p 3 e (pi, 1), by Lemma 3.4, the spectrum of Fh|i7*(T d ) in 
{z e C : p 3 ^ |z| < 1} consists of finitely many isolated eigenvalues of finite 
multiplicity. Consequently, the spectral radius Sp(Fb|i7*(T d )) equals to the largest 
modulus of its eigenvalues. 

Let A be an eigenvalue of F u with modulus 1, and p e H*( T d ) <z F[ s v 2 1 (T d ) 
be a corresponding eigenvector such that F v p = Xip. To prove this lemma, it is 
sufficient to show that v = 0, A = 1, and <p is a constant function. 

The following argument is essentially due to Pollicott [22]. By duality, there is 

ip e H~ s+i+1 {T d ) <= C(T d ) such that Ffip = Xip. Let A = e i2 ” c for some cel, 
and set ip = ]r> where hfx) is the density function of p w.r.t. dx. By the definition 
of F{, in (3.3) and A{y) in (3.4), we have 

(3.7) 2 A(y)e i2 <^- C ^(y) =fp(x). 

Ty=x 

Now choose z such that |V’(- 2 ; )| obtains maximum. Since YjTy=z^y) = 1> we mu st 
have \ip(y)\ = \ip(z)\ for all y e T~ 1 (z). By induction, we get that \ip(y)\ = \4>{z)\ 
for all y e (J ” =1 T~ n (z). Since T is mixing, the set (J ® =1 T~ n (z) is dense in T d , 
and hence |V’( a: )l = ItH 2 )! is constant. Thus (3.7) is a convex combination of points 
of a circle which lies on the circle. From this we deduce that 

e i2,r[„.r(v)—c]^ (y) = ^ {Ty) 

for all y e T d , and hence (adjust c by an integer value if needed), 

v ■ r(y) = c - argip(y) + arg ip(Ty). 

Since r is not an essential coboundary over T, we must have v = 0. By integrating 
the last equation w.r.t. dp , we also have that c = 0 and thus A = 1. Further, 
arg'i/; = constant since it is T-invariant, and thus ip = constant, which implies 
that ip = hip is a constant multiple of h. Therefore, the space {ip : F^ip = ip} is 
one-dimensional, so is the space {p : Fop = p} by duality. Since Fol = we must 
have that p is a constant function. □ 

Now we are ready to prove the spectral gap property for F : W s —> W s . 

Proof of Theorem 2. To sum up, by Lemma 3.4 and 3.5, we have the following: 

(i) When v = 0, the spectrum Spec(Fo) = {1} cj ACo, where 1 is a simple 
eigenvalue of F 0 and ACo is a compact subset of the open unit disk ID. 
Equivalently, there are M 0 > 0, ?’o e [0,1), and an orthogonal decomposi¬ 
tion 

H°(T d ) = Econst © Vb, 

such that |-Fq | Vo | ^ M 0 rg for all n e N, where Vconst is the subspace 
consisting of constant functions; 

(ii) For all u e Z e \{0}, the spectrum Spec(Fb) is strictly inside the open 
unit disk B. Equivalently, there are M v > 0 and r v e [0,1) such that 
||F”|i7*(T d )|| < M v rl for all n e N. 

And by Proposition 3.2, 

(iii) When \u\ ^ v u \\Ffp\H° (T d )|| < C 2 p% for all n e N. 
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We set the orthogonal direct sum 


(3.8) 


V = V 0 ®\ 0 Ht(T d ) 


then W a = Vconst © V. Furthermore, let C 4 := max{© 2 , max 1 „ | ^ {M„}} and 
p 4 := max{p 2 , maxi I/ | <t/ 1 { 7 , „}}, then we have ||F n |V|| < C 4 P 4 for all n e N. In other 
words, F = ® v e 7 j F v has spectrum 

Spec (F) = {1} u /C, 


where K, = Spec(F|H) <= {z e C : \z\ ^ P 4 }, and 1 is the only leading simple 
eigenvalue with eigenvectors being constant functions. So F : W s —» W s has 
spectral gap. □ 


3.4. Proof of Theorem 1. Now we use Theorem 2 to prove Theorem 1. What 
we need to do is to show that if F : W s —> W s has a spectral gap, then it is 
exponentially mixing. In the proof we regard the Holder continuous observables 
and if as elements in W s and (IV s )' respectivly. 


Proof of Theorem 1. Since F : W s —* W s has a spectral gap, we can write 

F = F\ Hconst + F\V=:V+Af, 


where V is defined in (3.8). From the proof of Theorem 2, we know that 

(a) V is a 1 -dinrensional projection, i.e., V 2 = V ; 

(b) Af is a bounded operator with spectral radius Sp(TV’) < p 4 < 1. In fact, 
||W n |0 C 4 P 4 for all n e N; 

(c) VAT = MV = 0. 

Furthermore, 1 is the greatest simple eigenvalue for Fo with eigenvector 1 as well 
as for Fq with eigenvector h, and therefore, we rewrite V = 1 0 h e W s 0 (W 5 )'. 

Suppose </>, if e C a (T d+{ ) are given. Pick s e [—a, 0) and let W s = H s (T d ) 0 
H~ s (T e ). Then the dual space of W s is (W s )' = H~ s {T d ) 0 H s (T e ). Note that 
C a (T d+i ) is contained in both W s and (W 5 )', and thus <f e W s and ifh e (W s )', 
where h e C^CIT®) is the density function of p w.r.t. dx. Hence, 


^(cf o F n )ifdA = J(</> ° F n )ifh dxdy 

=( 1 ph, T n (</>))(w s )',w s 

= (#■> 'P(4 l ))(w s y,w s + {' t Ph,Af n ((j)))( W sy tW s 

=(iph, (1 ® /i)(0))(w s )',w s + (ifh,AT n (</>))(w s )',>v 3 




= ( ^/i, ( cj)hdxdy I • 1 


(w s )',w s 


+ {lfh,Af n {(f))y W sy W s 


’ r 

: ifdA <j)dA + (iph,Af n (</>)) (W'’)' ,w s • 


That is, the correlation function 


C n (<f, tf>; F, dA) 


AT 1 {(/>))( W . y>w * \ < \\Af n \\\m\(w^yH\U < C M ,p n 4 


where = C 4 \\iph\\( W °y\\<f>\\w s ■ 


□ 
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Remark 3.6. Using some Sobolev inequalities, it is not hard to get that ||(vv s )' ^ 
C'sllV’llcHNIc 1 and ||</>||w s < C , 6||0||c“, and hence s; CV|0llc , “Mc , “- 

3.5. Proof of Theorem 3. Now we show the characters of the non-mixing skew 
products F t , that is, n, T 2 ,... ,re are integrally dependent mod 18. 

Proof of Theorem 3. (i)=>(ii). Suppose n, T 2 ,..., re are integrally dependent mod *8, 
that is, there are v e Z^\{0}, cel and u e (7°°(T d , K) such that 

v • t(x) = c + u(x ) — u(Tx). 

For any (x,y) e T d x T e , the set 

C(x,y) = {( x',y ') G T d x T 1 :v ■ y' + u(x') = v ■ y + u(x) (mod Z)}. 

is well-defined. Moreover, since u is a smooth map, C(x, y) is a smooth (d + £ — 1)- 
dimensional manifold, and {C(x, y) : (x,y) e T d x T^} form a foliation of T d x T^. 
It is clear that for any fixed x e T d , 

£{x,y) |{x}xT* = {(x,y') G {x} X T e : V (y-y') = 0 (mod Z)}. 

It implies that the leaves of C(x, y)\i x }xT‘ are normal to v. 

For (x',y') e C(x,y), the definition of F gives 

F(x, y) = (Tx, y + t(x)) and F(x', y') = ( Txy' + t(x')), 


then 

v ■ (y + t(x)) + u(Tx ) = v ■ y + v ■ r( x) + u(Tx ) = v ■ y + c + u(x) (mod Z) 
and similarly v ■ (y' + t(x')) + u(Tx') = v -y' + c + u(x') (mod Z). Hence we obtain 
v ■ (y 1 + t(x')) + u(Tx') = v ■ (y + t(x)) + u(Tx) (mod Z). 

By dehnition of £, we get F(x', y') e £(F(x, y)), that is, the foliation is F-invariant. 

(ii) =>(iii). Let p be a fixed point of the base map T : T d —»• T d . Restricted to 
{p} x the leaves of the foliation C become (£ — l)-dimensional tori because the 
leaves are normal to v. Hence the quotient space {p} x T^/ ~ is homeomorphic to a 
circle T, where (p,y) ~ ( p, y ') if (p, y) and ( p, y ') are in the same leave of £\{ p } x t 1 - 
Furthermore, let tt p : {p} x —» T be the quotient map given by n p (p,y) = v ■ y 
(mod Z). Since F|{ p } x t^ : {p} x —> {p} x is an fiberwise rotation given by 
F(jp , y) = (p, y+r(p) (mod Z e )) and preserves the leaves, it induces a circle rotation 
G p : T —> T such that tt p o F|{ p ) xT ^ = G p oir p . It is easy to check that the rotation 
angle of G p is given by c = n P (p, r(p)) e T, and thus we also denote G p = R c . 

7 t p and G p can be extended to maps 7r : T d x —* T d x T and G : T d x T —» T d x T 
in a natural way. That is, for any (x, y) e T d xT e , let (p, y') e C{x, y) r ({p} x T d ), 
and dehne n(x,y) = (x,TT p (p,y')); and for any (x,y) e T d x T, define G(x,y) = 
(Tx, G p (y)) = (Tx, R c (y)). It is then easy to check that n o F = G o n. 

(iii) =>(iv). Weak mixing property does not hold for the circle rotation R c , let 
alone the extension F. 

(iv) =>(i). It follows from the results by Parry and Pollicott [21], and also by 

Field and Parry [16]. □ 
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4. Spectral Properties of F v \ Proof of Proposition 3.1 and 3.2 


We shall use the semiclassical analysis to prove Proposition 3.1 and Proposi¬ 
tion 3.2. The flexibility of the parameter H allows us to deal with the operators 
F v : H*( T d ) —> H^{ T d ), u e Z d , in two different ways. To be precise, for any 
fixed frequency u e Z f , we take h = 1 and treat F u as a classical FIO (up to 
a smoothing operator) in the proof of Proposition 3.1; while for Proposition 3.2, 
we set h = l/max{l, \u\} and regard F u as an h -scaled FIO (up to an h -scaled 
smoothing operator). 


4.1. The Sobolev spaces with non-standard inner products. We first con¬ 
struct a particular symbol on T*T d as follows. Choose 


(4.1) 


R > max •< 1 


max{l, 21 | Dr ||} 


7' 


1 


where 7 is given in (1.1), and \\Dt\\ = sup |D x r|. Let go G C°°(R + ) be such that 

xeT d 


(4.2) 


9o(t) 


1, t s? R: 

t, t ^ R. 


and for t e [R, :L ^-R), go(t) is strictly increasing and 1 < 9o(t) < t. Set g(£) = 
5o(|£|) for £ e R d - Given s < 0, define a symbol 

(4.3) A s (x,Z) = h(x)ig($ s eS s , 

where h(x ) is the density function of g w.r.t. dx. Further, given u e Z £ , define 


(4-4) \ a , v (x,Z) = \ s (x,j^e S s , 

where [1/] := max{l, 

Denote A s „ = Op(A SjJ/ ) g OPS' 5 , and define an inner product on H s { T d ) by 


<<P.^>A S ,„ = A s ^ip) L 2, H s (T d ). 


When equipped with (•, -)a S i „, H s (T d ) is denoted by H\ BU (T d ) instead. The 
Sobolev space H Aa is unitarily equivalent to the L 2 space, that is, 


A s ,vH Astt ,(T d ) s L 2 (T d ), or H Aa JT d ) s A^L 2 ^). 

We claim that the spaces H Aa u (T d ) and H*( T d ), which are identical as the set of 
s-order Sobolev functions, have comparable inner products in the following sense: 
there is Ci = C\ ( d , s) > 0 such that 

(4-5) 7 ^- \W^)s,u\ |<V>,V , >A S ,„| < Ci |<p,^> s ,„|, for any £ H s (T d ). 

To see this, recall that if 5 (T d ) is equipped with the <i/> -1 -scaled s-inner product 
(•, given by (3.1). Alternatively, we have 

Op«^>- s <O s )^(T d ) = Z 2 (T d ). 


Then the comparability of inner products simply follows from that A SjI/ (:r,£) — 
( 1 '}~ s (0 S i i.e., there is Co = Co(d, s) > 0 such that for any v e Z e , 


1 ^ A Sil/ (x,£) 

cb " <^>“ s <O s 


< C 0 , 


for any (z,0 G T*T d . 
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4.2. Proof of Proposition 3.1. Recall that F v : H*( T d ) —» Hf,(T d ) is defined 
in (3.2). Switching to the inner product we mainly study the operator 

F v : H\ su {ff d ) —> H\ a ^(T d ) instead. 


Proof of Proposition 3.1. Let s < 0 and v e Jf be fixed. By the formula of F v in 
(3.2), the Fourier transform (2.2) and inverse transform (2.3), we rewrite 

F v <p(x) = V f e i2 ™ T ( x) e i27r[T **- y -$<p{y)dy. 

As discussed in Subsection 2.2.7, F v is regarded as a classical (i.e., h = 1) toroidal 
FSO with amplitude a^ OT = a l '\ T d xZ d and phase St m = S\ T d xZ d, where a v {x,£f) = 
e i2 ttvt{x) e go anc j S(x,£) = Tx ■ £ e S 1 . Moreover, 

(4.6) F V = F„ + K v , 

where F v = f I>(«", S) is the classical (periodic Euclidean) FIO with amplitude a " 
and phase S (see Definition 2.7 with H = 1), and K v is a smoothing operator. It 
is thus sufficient to study the spectral property of F v . Note that the canonical 
transformation T : (x, £) >—> (y,rj) associated to F v is given by 

y = Tx, r,= [(D x Ty]-^, 


which is irrelevant to v since the phase function S is independent of u. 

We have the following commutative diagram 

H As JT d ) —^ H As JT d ) 

I As ’" 

L 2 {T d ) -9^. > l 2 {T d ) 
where Q v = A S)V F V A~\,. We then set 
Pu = QtQu =(A"i)* p*(A*„A 8 ) „)F„] A~i 

= (Op(A SjI/ ) -1 )* S)* [0p(A 8 > „)*0p(A a ,„)] 5)} 0p(A 8 ,„)- 1 . 


By the symbol calculus (Theorem 2.10) and the Egorov’s theorem (Theorem 2.15), 
the operator P v is a classical PDO of order 0. Denote by p„(x, f) the symbol of P„. 
By the L 2 -continuity theorem (Theorem 2.18), P„ : L 2 (T d ) —♦ L 2 (T d ) is a bounded 
operator such that for any e > 0, we can write P v = K®(e) + i?° (e) =: K ( f + , 

where K ( f is compact; and moreover, by Lemma 4.1 below, the definition of g in 
Section 4.1 and the definition 7 in (1.1), we get 


II-R°|l 2 —l 2 sup lirnsup \p„(x, £)| + £ 


X |£|-K» 


= sup lim sup S - 4 <») 

* I ?! - * 00 x=Tv '■ 


(g{{D y T)\Z/ H 


9(Z/ M) 

tt |X 2s 


< 


x=Ty 

sup ^ 4 fa)lim s up(! 2 £«! 

x KI-® V Isl 


+ £ 


2 3 

+ £ 


< sup ^ A(y) 7 2s + £ = 7 2s + £. 

X /Tl 
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Choose e > 0 small enough such that 

(4.7) pi := V7 2s + £ < 1- 

By the polar decomposition, Q v = i/Pf,U„ for some partial isometry U„ : L 2 (T d ) —» 
L 2 (T d ), and thus there is also a decomposition Q v = Kf + R * such that Kf is 
compact and \\RI,\\l 2 ^>l 2 < pi. By unitary equivalence between Q„ : L 2 (T d ) —» 
L 2 (T d ) and F v : Ha s u (T d ) —> 77a s „(T d ), there is a similar decomposition F u = 
K 2 + R„ such that K 2 is compact, and \R v \H^ a iI/ (T d )|| ^ p\. By (4.6), we have 

(4.8) F v = F v + K„ = (K'i + K„) + R u =: K v + R v , 

and note that K„ = K 2 + K u is a compact operator. 

Switching back to the inner product ^v)s,i/> we have that F v : i7*( T d ) —> 
i?®( T d ) takes exactly the same decomposition (4.8), and K„ is still compact. By 
the choice of the constant C\ in (4.5), we get 

||i?”|^(T d )|| < Ci\\Rl\H A8 '„{T d )\\ ^ Ci\\R„\H K '„{Y d )r < C^. 

This completes the proof of Proposition 3.1. □ 


Lemma 4.1. e OPS' 0 has a symbol 


Pu(x, 0 = Y 

x=Ty 


1 gWM) 


(mod S 1 ), 


where A(y) is defined in (3-4)■ 


Proof. Note that A Sjt/ e OPS s has a symbol X s ^ given by (4.4). By Theorem 2.10, 
A*„ G OPS s has a symbol X s , v (mod S s_1 ); A“* e OPS _s has a symbol X~l 
(mod S _s_1 ), and so does (A”*)* G OPS _s . Further, A*„A a) „ G OPS 2s has 
a symbol A 2 „ (mod S 2s_1 ). Then by Egorov’s theorem 2.15, F*(K* tl/ R a ,„)F v G 
OPS 2s has a symbol 


a(y, v) 


Y x tA x >0 

y=Tx, 


^i2‘nu-r{x) 


2 


det (DxT)^ 1 


(mod S 2s_1 ) 


- s 

y=Tx 


( D x Tfr ]) 
| Jac(T)(x)| 


(mod S 2s_1 ). 


Use the composition rule and recall the definition of X SjU in (4.4), we have P u e 
OPS 0 with a symbol 


Pv(y,v) 


Y 

y=Tx 


\l„(x,(D x Tyr,) 1 

|Jac(T)(x)| A %„{y,rj) 


(mod S -1 ) 


y 1 h(x) g((D x T)\r,/ H)) 2s 
|Jac(T)(x)| h(y) 5(??/H) 2s 


(mod S 1 ) 



g((D x T)\r,/ M)) 

g{n! H) 


2s 


(mod S _1 ). 


This is what we need. 


□ 
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4.3. Proof of Proposition 3.2. To prove Proposition 3.2, we relate the semiclas- 
sical parameter ft with a given frequency v e if by setting ft = l/Ji']. In this 
way, we study the operator Fff as an ft-scaled toroidal FSO, and hence separate 
the dependence of Fff on the frequency v into two parts: the dependence on the 
modulus |i/] = 1/ft and that on the direction vector n„ := i//[i/]. The key step of 
the proof is the estimate stated and proved in Lemma 5.1 in the next section. 

Proof of Proposition 3.2. Let s < 0 and assume that r is not an essential cobound¬ 
ary over T : T d — > T d . Given v e Z^, set ft = l/[i/], where [12] = max{l, \is\}. Also 
denote by n v = iVM the direction vector of v, and note that either n v = 0 (only 
if v = 0) or n„ lies on the (l — l)-dimensional unit sphere §^ _1 . 

For any n e N, the operator Fff can then be rewritten as 

F>(z) =v{T n X y 2 ™^= 

= V [ e i^{[T n x<+^KZir(T k x)]-y^}^ dy 

£eZ d ^ T<1 

= V f e i2n ^ {lTnx<+a ^=o^ Tk ^-y<} ( p(y)dy. 

That is, Fff is regarded as an ft-scaled toroidal FSO with amplitude a t0 i- = 1 and 
phase (Sn ut n ) tor = S , n„,n|T<'xz<L where 

n —1 

(4.9) Sn, n (x, 0 = T n x ■ / + n • r{T k x) for any n e R*, (x, /) e T*T d . 

k =0 

From what we have discussed in Section 2.2.7, we have that Fff = F v n + K vn , 
where Fb, ra is the ft-scaled (periodic Euclidean) FIO with amplitude a = 1 and 
phase S n „,m and K u n is a smoothing operator. Moreover, by Lemma 4.2 below, 
there exists L\(n) > 0 independent of v such that \K v ^ n \Hx s v {fT d )\ ^ ftLi(n). 

We thus focus on the spectral properties of the ft-scaled FIO F UtU = $^(1, S n „. n ). 
Note that the canonical transformation Fn : (x, ft/') i-» ( y , hrj) associated to F v n is 
given by 

y = T n x, n = - H^, n (*)], 

where 

n— 1 

(4.10) Wn, n (s) = w n (x)n and W n (x) = £ (A^^D^t)*. 

k =0 

By (4.3), (4.4) and that ft = l/[i/], we rewrite X 8tV (x, /) = A s (x, ft/), and hence 
A g) „ = Op(A S:I/ ) = Op ft (A s ) e OP nS s . The following commutative diagram 


H Aa JT d ) H A ^(T d ) 



L 2 (T d ) L 2 (T d ) 
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suggests that we should instead study the operator 
(4.11) 

K,n = Qt, n Qu,n = (A ~D* [F* n (A%A., v )F v , n ] A 


r 1 

s,u 


=(0 P?l (A s ) _1 )* {($„(!,S»„,„))* [0 P?l (A s )*Op fi (A s )] $ fi (l, S n „,n)} 0 Pft (A s )- 


By the ^.-scaled symbol calculus (Theorem 2.12) and the fi-scaled version of 
Egorov’s theorem (Theorem 2.15), we have that P v , n e OP^S* 0 , and it has a symbol 
of the form (p>n„,n + Kr n„,n) given by Lemma 4.3 below. Moreover, by the /i-scaled 
L 2 -continuity theorem (Theorem 2.19) and part (2) in Lemma 4.3, we get that 
there exists L 2 {n) > 0 independent of v such that Cfc 2 (p ni , in ,rn„,n) ^ L 2 (n), then 


(4.12) 


||-P„ >n |.L 2 (T d )|| < Sup \Pn„,n{x,Q\ + hCk 2 [p n ^,n,r nu ,n) 

(a;,C)eT*T‘ i 

< Sup Pn„,n{x,£) + HL 2 {n). 

(x,£)eT*T d 


By Sublemma 5.2 (1) in the next section, we have that for any n e N, 

\\P Uin \L 2 (T d )\\ < 1 + L 2 (n), 


and hence 


(4.13) 


\\K\HA s ,„( Td )W <ll^.n|ffA s „(T d )|| + \\K„, n \H As JT d )\\ 
^y/WP^L^T^W + hhin) 

^V 1 + L 2 (n) + Li(n), 


where Li(n) is given by Lemma 4.2. 

Furthermore, by (4.12) and our key lemma - Lemma 5.1 in the next section, 
there are no e N and po < 1 such that for all v e Z^\{0}, 

(4.14) \\P„. no \L 2 (T d )\\ sg sup \Pn„,n o {x, 0 \ + hL 2 (n 0 ) p 0 + 

(x,£)eT*T d 

Choose V\ > 0 such that 

(4.15) 


P 2 ■■ = 


~ , L 2 (n 0 ) Li(n 0 ) 
Po + -+- 


1 /no 


< 1. 


Vi 


V\ 

H\ 


By (4.14) and Lemma 4.2, we have for all u e Z £ \{0} with |i/] = \u\ 3= i/±, 

\\K°\HA B ,„(T d )W <\\K,n 0 \H Aa J7 d )\\ + \\K„, no \H As JT d )\\ 


(4.16) 


^WP^L^W + hL^no) 


^ ~ , L 2 (n 0 ) Li(n 0 ) n 

^\ P° + “TZ^ + “TZ^ < P2°- 


Now for any n e N, we write n = kno + j, where k e No and 0 ^ j < no- Then 
by (4.13) and (4.16), we have for all v e Z f with \v\ ^ u\, 
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where we set 


C' 2 := max 
l^j<7l 0 


1 1 + L 2 {j) + Lx(j) 


Switch back to the inner product and recall the choice of C\ in (4.5). 

We take C 2 = C 1 C 2 , then for all i/eZ ( with |i/| 3 s z'i, 

||i?|iJ‘(T d )|| < C 2 p£. 

This completes the proof of Proposition 3.2. □ 

Lemma 4.2. For any n e N, there is L\{n) = L\(n\ d, s, T, r), which is independent 
of v e Z e -, such that \\K Vtn \H\ s ^(T d )\\ ^ HLi(n). 

Proof. By Section 2.2.7, K v>n is an H-scaled smoothing operator that depends on 
the amplitude a = 1 and phase S n „ in , where S n , n is given by (4.9). Moreover, 
\\K v ^n\Hf{T d )\\ < fiC fe 3 (l,5„„, n ), where C/^l, S n „,„) only depends on the semi¬ 
norms A4 3 (l) = 1 and 

A 4 - 3 + 2 (S n „, n ) ^A 4 3 +2 (T n x ■ 0 + |n„| A4 3+ 2 ( 5 < Tkx ) ) 

( 4 - 17 ) /»-! “ X ^ 

^M H+2 {T n x • 0 + A4 3+2 2 r(T fc x) , 


for some ^eN that only relies on d and s. Hence, there is L'^ri) = L[(n ; d, s, T, r) 
that depends on n, d, s, T, r but not on v , such that Ck 3 (1, S n „,n) ^ L[(n) and thus 

ll^,n|- ff ft(T d )ll < 

Recall that i7|(T d ) is the space of s-order Sobolev functions endowed with the 
Ti-scaled s-inner product, or alternatively, 0~p(h s (tf) s )Hj^(T d ) = L 2 (T d ). Also, 
A s ^H Aa „(T d ) ss L 2 (T d ), where A S>1/ = Op(A s ,„). Since A S) „(a;,£) = A s (x,hf) ~ 
h s (£) s for all (x,f) e T*T d , by similar reasons as for (4.5), there exists a constant 
C[ = C[ (d, s) > 0 such that 

777 \(<P,ip)a,n\ < \M)a s ,„\ <p,ipe H s (T d ). 

°i 

Set Li(n) = C' 1 L' 1 (n). We then have 

\\K„,n\H As JT d )\\ ^ C[\\K„, n \H s h (T d )\\ ^ hC[L\(n) = hL\(n). 


Lemma 4.3. Given u e if, let H = l/[i/]. For any n e N, P v , n e OP nS° has a 
symbol of the form p n „,n + hr nia ^ n , where p n „,n e S° and r ni/j „ e S , such that 

(1) Pn V) n is positive, and is given by 

(4.18) ?„„,„(*,£) - 2 AM (£<M±15^M) 3 -, 

where A„fy) is given in (3.5) and W nn (y) is given in (f. 10); 

(2) Let Cfe 2 (-, •) be as introduced in Theorem 2.19. There is L 2 (n) = L 2 (n; d, T, r) 
independent of v such that 

Ofo (.Pn u ,m ^ 11 ^, 71 ) A L 2 (n). 
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Proof. Recall that = Op^(A s ) e OPnS s . By Theorem 2.12, A*„ e OP nS s has 
a symbol A s (mod HS 3-1 ), and A“*, (A“J,)* e OP nS~ s both have a symbol Aj 1 
(mod Further, A*„A S) „ 6 OPfi.S ,2s has a symbol A 2 (mod HS 2s ~ 1 ). By 

the fi-scaled version of the Egorov’s theorem (see Theorem 2.15 and Remark 2.16), 
F,* n (A* u A St „)F„ t n e OP h S 2s has a symbol 


a n (y,v) 


Y A2(*,0-l 2 -|det(I> x T n ) t r 1 (mod hS 2 "- 1 ) 

■y=T n x, 

r ) =[(D a ,T’ l )*]- 1 K-W n „, n (x)] 


s 

y = T n X 


X 2 s (x, (D x T n yy + W n „ >n (x)) 
|Jac(T")(*)| 


(mod HS 23 - 1 ). 


By composition rule again, P v . n e OP nS° has a symbol 
. , V2 („ ( n r pn\t 

, x ' 

P 


■ , ^ v 1 A 2 (a;, (D x T n ) t p + W n „ n (x)) 1 , J to _ lN 

—-Emt=H-VTU ) 


- s 


1 


A 2 (y,??) 

ft(s) g((D x T n ) t r] + W n „, n (x)) 2s 


y=T n x 


|Jac(T n )(a;)| h(y) 


g(v) 


2 s 


(mod HS 1 ) 


Y An ^ 

y = T n X 


g((DxT n ) t r] + W n „, n { x )) 


(mod HS ). 


This finishes the proof of the first part. 

Since all the above modulo terms are calculated from the symbol A s and the 
phase S nutU , which depends on n v but not [i/], we can write the full symbol of 
Pu n by Pn„,n + for Some r nut n e S- 1 . 

By Theorem 2.19, Ck 2 (Pn„,n, r ni/j „) is bounded by a constant which only de¬ 
pends on the A4 2 -seminorms of p n „,n and r ni ,,n. To prove the second part of 
this lemma, it is sufficient to show that the A4 2 -seminorms of p n „,n and r ni/ ,„ are 
bounded by a term that does not depend on v. Indeed, by the formula of P„ >n 
in (4.11), the H-scaled symbol calculus and Egorov’s theorem, we find that the 
A4 2 -seminorm of p n „,n depends on A4 2 -seminorm of X s (which is independent of v 
already) and A4 2 + 2 -seminorm of S n „,n', and the A4 2 -seminorm of r ni/jn depends on 
A/fc 2 + 2 -seminorm of A s and A4 2 +4-seminorm of S n ^ )n . It all boils down to showing 
that the A4 2 +2- and A4 2 +4-seminorms of S ni/>n are bounded by a term irrelevant 
to Z/, which easily follows from the formula of S avtn given in (4.9) and a similar 
argument as in (4.17). □ 


5. Estimates of p n „, n - Proof of Lemma 5.1 

5.1. Lemma 5.1 and Its Proof. The estimates given in Lemma 5.1 in this section 
is the most important step to prove Proposition 3.2. 

Lemma 5.1. If t(x) is not an essential coboundary overT, then there exists no e N 
such that 


PO ■ = sup sup Pn„,no(x,0 < L 

I'eZ'bfO} (x,Z)eT*T d 


(5.1) 
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Proof. Given n e S ^" 1 and x e T d , we consider the affine map J- n ,x '■ 
given by 

(5.2) = {D x Tfi + (D^Yn for any £ e R d , 
and the n-th iterates 

n—1 

(5.3) 7^(0 = n ^n,T**(0 = (D x T n Yt + W a , n (x) for any n e N, 

fc=o 

where W n ,n(a:) = W n (a;)n, and lb„(a;) is given by (4.10). Conventionally, we set 
bb n ,o(a;) = 0 and = id. We also define 

/r ~ „ f\ \^ /\ !„\ 9 {J~n,y(0) 

(5.4) Pn,n(x,t;) — 2_J ~A n (y) 7J, > 

x=T n y L 

which extends the formula of Pn un {x,£) given by (4.18) to all n e § f_1 . For any 
fixed n e N, it is easy to check that the function (n, x, £) >—> p a , n (, x ,Q is of class 
C 00 . Further, we set 

(5.5) Pn,n-= Slip Pn,n(%,€)- 

(x,£)eT*T d 

The properties of p n ,n will be given by Sublennna 5.3 below. 

Recall that R is given by (4.1). By Sublemma 5.4 below, for any n eS* 1 , there 
exists no(n) e N such that for any (x,£) e T* T d , we have |J r n,°J' n ' l (^)| > 2 R for 
some y e T~ n °^ 1I1 \x). Then by (5.3) and (4.10), we have for any n' e S^ _1 , 

I K'P (01 > I Kt ] (01 -1 K'P (0 - (01 

^ 2i?-|lF„ o(n) ( 2 /)||n , -n| 

^ 2 R—\\DT\\ |Ht| ?r 0 (n) |n'— n|. 

Hence there is s(n) > 0 such that |.7 7 n , 0 ,^(0l > R whenever |n' — n| < e(n). By 
Sublemma 5.2 (2), we get p n ',n 0 (n)(x, 0 < 1- Together with Sublemma 5.2 (3), 

Pn'.nofn) = max < SUp p n ',n 0 (n) ( x > 0) SU P Pn>,n 0 (n) ( x , 0 

(_ (x,i)eU R (x,£)eT*T d \U R 

< max 1 max p n /,„ 0 („) (x, £), 

I (x^)eUr 

where Ur : = {(x, £) : |£| ^ R} is a compact subdomain in T* T d , and 7 is given by 
(4.1). Moreover, by Sublennna 5.3 (2), p n i <n ^ p n ',n 0 (n) < 1 for any n ^ no(n). 

To sum up, for any 11 e §^ _1 , there are no(n) e N and e(n) > 0 such that 
Pn\n < 1 for all n' e B(n, e(n)) and n ^ no(n), where B(n, e(n)) denotes the open 
ball in § f_1 with center at n and of radius e(n). Since S ^” 1 is compact, there are 
ri!, n 2 ,.. ., ri/ c e § £_1 such that the finite collection of open balls 
covers § f_1 . Therefore, if we set 

n 0 = max{n 0 (n 1 ),... ,n 0 (n fc )}, 

then p n ,n 0 < 1 for all n e S^ -1 . By Sublemma 5.3 (3), we know that the function 

n >—> Pn,n 0 is continuous, then sup p n ,n 0 = max p-n,n 0 < 1, from which (5.1) 

neS *- 1 neS ^- 1 



follows. 


□ 
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5.2. Sublemmas and Proofs. 


Sublemma 5.2. Recall that R and 7 are given by (4.1) and (1.1) respectively. Let 
n e §^ _1 . We have the following: 

(1) Pn.n(x, 0 < 1 for all n e N and (x, 0 e T*T d ; 

(2) Pn,n{x,f) < 1 if and only if there is y e T~ n x such that |^ 7 n,j/(0l > R/ 

(3) Pa, n (x,0 ^ (- 7 ^-) < 1 f or allneN and (x,f) e T*T d with |£| > R. 

Proof. The key observation is the following: for any n e N, y e T d and £ e R d , 


(5.6) 




Indeed, by the choice of R in (4.1), we have |£| > R > 


2\\Dt\\ 


7-1 


. So by (5.2), 


1^(01 > \(DyT)^\ - ( DyrYn ^ 7 |£| - ||Dr|| ^ 7 |£| - 


7-1 


l£l = 


7+1 


ICI- 


Hence by induction, we have for all n ^ 1, 

' 7 +I 


1^(01 






Consequently, for any n e N, y e T d and £ e R d , 

• if |J r n.i/(0| ^ R> then \lF^ y (£)\ ^ R for all 0 ^ k ^ n, and in particular, we 
must have |£| < R; 

• if |J 7 n.y(?)| > R> then |j r : ^, / (£)| > |£| no matter whether |£| > R or not. 

By the definition of g(£) given by (4.2), the quotient 


9 (^n,y(0) 
9(0 

In either case, we always get 
(5.7) 0 < 


2s 


= 1 if l^(0|a ; 

< 1 otherwise. 


9 (^,y(0) 
9(0 


-\ 2 s 


1. 


Recall that 2 A n (y) = 1, where A n (y) is positive and defined by (3.5). There- 

x=T n y 

fore, for any n e N and (x, £) e T*T d , 

9(^J0)" 2s 


Pn,n(x, 0 _ A n (y) 

x=T n y 


9(0 


< 2 An (y) = L 

x=T n y 


Clearly, we have that p n , n (x, £) < 1 if and only if |.F” , y (0\ > R for some y £ T n x. 
Moreover, if |£| > R , then by (5.6), we have that 

I 2s 


9 (^\y(0) 
9(0 


< 


7+1 


2s 


for all y e T n x, 


and hence Pn, n (x,0 < (- 7 ^-) S - 

Sublemma 5.3. Let p n „ be defined as in (5.5). 

(1) For any n e and n e N, we have that 0 < Pxi, n < 1; 


□ 
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(2) For any ne§ ( 1 , the sequence {pn,n}neN is non-increasing; 

(3) For any n e N, the function n >-* p n , n is continuous. 


Proof. As shown by Sublemma 5.2 (1), 0 < p n .n(x,0 ^ 1 for any n eS'-'.ne N 
and (x,0 G T*T d , and thus 0 < p nj7l < 1. 

Let n G §^ _1 be fixed. For any (x, 0 G T*T d and n, m G N, by (5.7) we have 


Pn,n+m(^) () 


yi -An+m(y) 
x=T n+m y 


9 (J^, m (0) 


-| 2s 


g( 0 


2 S 

x=T n z z=T rn y 


x=T' l z 


z=T rn y 


'g(^ y (0)' 

2 s 

^ 9 (?lz (^y(0)) 

9(0 


9(^y(0) 

'g(^y(OY 

2s 


9(0 




~\ 2s 


— ^ , vAn(^) Pn,m(^5 £) ^ Pn,m ^ j vAn(-2 ; ) — Pn,m* 


x=T n z 


x=T n z 


Hence, p n ,n+m = sup Pn,n+m(3b £) ^ Pn.m- This proves that the sequence 

(x,£)eT* T d 

{p n ,n}neN is non-increasing. 

Let n G N be fixed. To show that the function n i—> p n ,n is continuous, it suffices 
to show that the family 


{n ~ p n , n (x, f) : (x, 0 e T*T d } <= C 0 ^” 1 ) 


is uniformly bounded and equicontinuous. The uniform boundedness is already 
given by Sublemma 5.2 (1). The equicontinuity follows from that 


< 


< 


sup 

(z,£)eT*T d 


sup 

(af,£)eT*T d 




- [Dg {K.MYWnfy) 

m0\ 


x=T n y 


2 |s| sup y An(y) 

(x,t)eT* T d x =T™y 

2n\s\\\Dg\\\\DT\\\\DT\\ p n , n 


9{^, y (0) I"' |g g |-n|£>r||||£>r|| 

9(0 \ g(^S, v (0) 

<2n|s|||D 5 ||||I>r||||£>r||<oo. 


Here we have used (5.3), (5.4), (4.10) and the following properties of g(£) (see (4.2)): 
g( 0 S* 1 for any £ e R d and ||.D$r|| = sup ?eRd \Dg(f)\ < oo. □ 


Sublemma 5.4. Suppose t ( x ) is not an essential coboundary over T. For any 
n G §^ _1 ; there is no(n) G N such that for any (x,f) G T*T d , |J 7 n,°j/ n \OI > 2i? for 
some y G T~ n °^(x). 

Proof. Let us argue by contradiction. If this sublemma does not hold for some 
n* G §^ _1 , then for any n G N, there is (x n , f n ) e T*T d such that IJ 7 ™* y (£„)| A 2 R 
for any y G T~ n (x n ). In fact, we further have 

(5.8) \^*, y (in)\ < 2 R, for any y G T~ n (x n ) and 0 s; k < n, 



32 


JIANYU CHEN AND HUYI HU 


since otherwise if IJ 7 ^* y (£„)| > 2 R for some 0 < k < n, then by (5.6), |J 7 ”* y (£ n )| = 
\^2* k Tky{^n* tV (^n))\ ^ 2 T i l- 7 r n*,y(?™)| > 2 R. Note that in particular, |£ n | 2 R. 

Using (5.3), we rewrite (5.8) as 

|^*,y(U| = I (DyT k )% + W n * ik (y)\ = | (D y T k y ($„ + W n * >k (y))\ 2 R, 
for any y e T~ n {x n ) and 0 ^ k ^ n, where 

k -1 

(5.9) W n *, fc (») = [(DyT k y ] _1 W n * >fc (y) = ^ [(D T , y T fc ^)‘]- 1 [D T , y r] t n*. 

j=o 

By (1.1), we have 

(5.10) £„ + Wn* h(y)\ s? — 77 , for any y e T~ n (x n ), 0 s£ fc < n. 

I I y 71. 

We would like to rewrite W n *, k (y) in terms of x n as follows. Suppose the degree 
of the expanding endomorphism T : T d —* T d is N. We denote 

e jv = {i = (*i)*2,---,*n) : U = 0,1}, l^nsSoo. 

Let Tq ,T± ,..., be the inverse branches of T. Given x e T d and i e Ejy, we 
denote T i ~ J x = T ~ x ... T~ l x, which is well-defined whenever 0 < j < n < oo and j 
is finite. We then define 

k k 

(5.11) Un*,fc(i, x ) := S D x [r(Tp(x)) ■ n*] = £ 

3 = 1 1=1 

for any 1 < k < n < oo and k is finite. Note that 

00 00 

(5.12) 2 |[(^ x U) t ]- 1 p I ,-^T] t n*| sj ||Dr|| 7 ^' - 0 asm- 00 , 

j=m j=m 

and the convergence is uniform. That is, the sequence {U n * fc (i, x)}® is uniformly 
Cauchy. Hence V^* ; 00 (i, x) is well-defined as in (5.11) for all x e T d and i e 
Denote U n *(i, x) = U n * j 00 (i, x). We have 

(5.13) lim U n * fc ( i,x) = V n *(i,x) for any x e T d , i e S^, 

/c—>co 

and the convergence is uniform. 

Comparing (5.9) and (5.11), we see W a * tk {y) = U tl * l fc(i, x) whenever y = T-~ n (x). 
Therefore, we can rewrite (5.10) as 

2,R 

|£n T bn* ,fc(b ^n) | ^ 

for any i e Y, 7 ^ and 1 < k < n. Since the sequence {(x„,£„)} lies in the compact 
subdomain U 2 R := {(x, £) : |£| < 2 R} of T*T d , there is an accumulation point 
(x*,£*). Choosing subsequences if necessary, we take n —> 00 firstly and k —> 00 
secondly in the above inequality, then we obtain U„*(i,x*) = — £*, regardless of 
the choice for i e E^. 

For any x e T d , take we {0,1,..., N — 1} such that x = T~ 1 (Tx). For any 
i e Ejy, we can directly check (5.11) (when k = 00 ) to get 

(5.14) {D x TyV n *(wi,Tx) = V n * (i, x) + (D x T)*n*. 
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By Claim 1 below, we know that F n *(i,x) is independent of i for any x e T d . 
Hence, we can define a function V n * : T d —* K. d by 

V n * (x) = V^* (i, x), for any i e Ejy, 

and thus (5.14) is rewritten as 

(5.15) (. D x TyV n *{Tx ) = V n *(x) + (A^n*. 

By Claim 2 below, which asserts that the 1-fornr on T d given by V n * (x) ■ dx is 
exact, there is a potential function u such that V x u = 14,* (x). Alternatively, we 
can define the function u : T d —* R by 

u{x) = I 14,* (z) ■ dz, x e T d , 

Jro,* 

where To,^ is any smooth path in T d from 0 = (0,0 ,..., 0) to x. 

On both sides of (5.15), we replace x by tx, take the dot product with x and 
integrate with respect to t from 0 to 1, then we get 

j V n * (z) ■ dz = f V n *(z)-dz+ f (H z r)*n* • dz, 

jr To,T* Jr S,x Jr o,x 

where Fq x := {tx : 0 ^ t < 1}, and r^ 0 Tx := { T(tx) : 0 ^ t < 1}. In other words, 
we have 

u(Tx) — tt(TO) = u(x ) — u{ 0) + n* • t(x) — n* • r(0). 

Note that u(0) = 0. Let c = n* • r(0) — u(T0), then we get 

n* • t(x) = c — u(x) + u(Tx), 

which contradicts to the fact that r(x) is not an essential coboundary over T. □ 

Claim 1. For any x e T d , 14,*(i,x) is independent of i, that is, T4,*(i,x) = 
14,* (i' ,x) for all i, i' e E^. 

Proof. Recall that I4,*(i, x*) = — for any i e E^, where (x*,£*) is an accumu¬ 
lation point of the sequence (#„,£„). 

Taking x = T~ x x* in (5.14) for some w e {0,1,..., N — 1}, we get 

V n *(i,T-V) = ~{D T -^TYe - [D T -^Tfn*. 

The right hand side is independent of i, and hence V n * (i, T~ x x*) = V n * (0, T~ x x*), 
where 0 = (0,0 ,...) e E^. 

Inductively, one can show that 14,* (i, x) = V n * (0, x) for all x e Un=i r ~ n (. x *) 
and thus for all x eT d , since the set (J* =1 T n x* is dense in T d . □ 


Claim 2. The 1-form on T d given by 

V n * (x) ■ dx = VA* (x)dxi H-+ V d * (; x)dxd 


is exact. 


Proof. We first show that V n * (x) • dx is a closed 1-form, which is equivalent to 
showing that for any x e T d , 


4tK* W (*)> 1 < * < 3 < d - 


8 


dxi 


dx 


(5.16) 
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Indeed, by (5.13) and Claim 1, fe (i, a;) converges uniformly to (i, x) = ( x) 

as k —> oo. By similar calculation as in (5.12), we have that fc (i, cc) con¬ 
verges uniformly as k —* oo, and hence x) = ^lim fc (i, x). We see 

from (5.11) that for each k e N and any i e E)y, the 1-form V n * *.(i, x) • dx = 
d(^Ur{Tr\ x) ) ■ n*^ is exact and hence closed. Thus, 

1 < * < 3 < d, 

from which (5.16) follows by taking k —* oo. 

Now to show that C n * (x) ■ dx is exact. Since V n * (x) • dx is closed, it is sufficient 
to prove that for any x = (xi, X2,..., Xd) e T d and 1 ^ k < d, 


f i' n* (‘*" 1 ' ■ 1 

Jo 


i Xk— i, t, Xfc-j-i,..., Xd) dt 0. 


To see this, by (5.11) and Claim 1, we rewrite for arbitrary M e N, 

V n * (x) = pjM E ^ n * a; ) 

ieS" 

= a tM E ^ n*,M(iO, x) + M E [I n * (i 0 , x) — (i 0 ) 2-)] 


1 r i 1 

-NM E E + ]vm E [Ki*(iO,x) - V n *, M (iO,x)] 


J =1 

= : I n * (x) + J n * (x). 


On one hand, let /** be the fc-th component of I n *, then 

I (xi, * * - , Xfc_i, t, X/,,-)_i, . . . , Xd)dt 

Jo 

= ArM E E I a) - T (-^b ■■■'d'h ( x i> • ■ • ’ x k-i, t, Xk+i, ■ ■ ■, Xd)) ■ n 1 

i=i teE*, Jo 
1 M 

= n * • EJ [ r ( 2 < 7 1 * • ■ - - ■» 1 » - - -»®d)) 


J =1 ieEl 


r(T-. ...(^i? • • • 5 ^k —15 *£fc+i 5 • • • ? 


1V1 

E n * • E r ( T iI 1 • • ■ ^(xd • • •, 1, * fc+ i, • ■ •, Xd)) 


i =1 iesrf 


- E r ( T i/• • • T u 1 (*i > • • • > Xfc_!, 0 , a*+i$ .., Xd)) = 0 . 
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The last term must vanish since {It. 1 ... T ii 1 {x 1 ,..., Xk- 1 ,0, Xk+i , • • •, Xd) : i G 
and {T~ l ... .. .,x k -i, l,Xk +\,... ,x d ) : i G are just two represen¬ 

tations for the set of all j -th pre-images of the point {x \,..., Xk-i , 0, Xk +i , • • •, x d ) = 
(xi,.. .,x k - i, l,x k +i, ...,Xd) in T d . 

On the other hand, by (5.12) and (5.13), the convergence V^m^O, x) —» V n * (iO, x) 
is uniform in i and x as M —> oo. By choosing M large enough, the integral of the 
fc-th component of J n *(x i,... ,Xk-i,t,Xk+i, ■ ■ ■ ,x d ) with respect to t from 0 to 1 
is arbitrary small and hence 0. It follows that (5.17) holds. □ 
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